The thermomechanical bending response of nonsymmetric sandwich plates of uniform thickness (constant depth) is studied. A power-law distribution for the mechanical characteristics is adopted to model the continuous variation of properties from those of one component to those of the other. The nonsymmetric sandwich plate faces are made of isotropic, two-constituent (ceramic-metal) material distribution through the thickness. The core layer is still homogeneous and made of an isotropic metal material. The modulus of elasticity, Poisson's ratio of the faces and the thermal expansion coefficient are assumed to vary according to a power law distribution in terms of the volume fractions of the constituents. Several kinds of nonsymmetric sandwich plates are presented. Field equations for functionally graded nonsymmetric sandwich plates whose deformations are governed by either the shear deformation theories or the classical theory are derived. Displacement and stress functions of the plate for different values of the power-law exponent and thicknessto-side ratios are presented. The results of the shear deformation theories are compared together. Numerical results for deflections and stresses of functionally graded metal-ceramic plates are investigated.
INTRODUCTION S
attained broad acceptance in aerospace and many other industries and it is widely employed in aircraft and space vehicles, ships, boats, cargo containers, and residential constructions. Sandwich plates revolutionized the aerospace industry over 40 years ago, making aircraft lighter, stronger and faster, and allowing them to carry more weight and improve fuel efficiency. Sandwich composite construction offers great potential for large civil infrastructure projects such as industrial buildings and vehicular bridges. Sandwich structures represent a special form of a layered structure that consists of two thin stiff and strong face sheets separated and a relatively thick, lightweight, and compliant core material. In modern sandwich structures the faces are usually made of metal or laminated composite materials, and typically a compliant compressible core made of a low-strength honeycomb type material or polymeric foam. The faces and the core are joined by adhesive bonding, which ensures the load transfer between the sandwich constituent parts.
By the mid 1960s, efforts in sandwich construction research had spread widely. For an extensive review of literature for the analysis of sandwich structures the reader may consult the articles [1] [2] [3] [4] [5] . The methods of analyzing sandwich structures and numerical solutions for the standard problems are well documented in the books by Plantema [1] and Allen [2] . The structural analysis of constant-thickness sandwich composite structures is discussed in books by Whitney [3] and Vinson [5] , where they have emphasized the importance of including the shear flexibility of the core. Pagano [6] has presented exact 3D elasticity solutions for the stress analysis of laminated composite and sandwich plates which serve as benchmark solutions for comparison by many researchers. In fact, the well-known results of Pagano [6] and Pagano and Hatfield [7] are special cases of a recent work by Zenkour [8] .
The sandwich plates is said to be symmetric if the material properties and thickness of the facings are identical, and vice versa for nonsymmetric sandwich plates. A finite element displacement model is presented for the dynamic and static analysis of clamped and simply supported skew sandwich plates by Ng et al. [9] . A simple isoparametric finite element formulation based on a higher order displacement model for flexure analysis of multilayer symmetric sandwich plates is presented in [10] . An attempt has been made to compare and assess quantitatively the accuracy of the results obtained using the various higher order models in predicting the staticflexural response of simply supported sandwich plate with anti-symmetric angle-ply face sheets subjected to sinusoidal transverse load [11] . A theory for the bending response of unsymmetric web-core sandwich plates is presented in [12] . Response is evaluated by transforming an originally discrete core into an equivalent homogenous continuum giving a sandwich plate, which follows, thick-face-plate kinematics.
However, the demand for improved structural efficiency in many engineering fields has resulted in the development of a new class of materials, called functionally graded materials (FGMs) [13] [14] [15] . FGMs are heterogeneous materials in which the material properties are varied continuously from point to point. This is achieved by varying the volume fraction of the constituents, for example, of ceramic and metal in a predetermined manner. This continuously varying composition eliminates interface problems, and thus, the stress distributions are smooth.
In the simplest FGMs, two different material ingredients change gradually from one to the other. Discontinuous changes such as a stepwise gradation of the material ingredients can also be considered an FGM. The most familiar FGM is compositionally graded from a refractory ceramic to a metal. Typically, FGMs are made from a mixture of ceramic and metal or a combination of different materials. The ceramic in an FGM offers thermal barrier effects and protects the metal from corrosion and oxidation, and the FGM is toughened and strengthened by the metallic composition. FGMs are now developed for general use as structural elements in extremely high temperature environments and different applications.
Reddy [16] has presented solutions for FGM rectangular plates based on his third-order shear deformation plate theory. Cheng and Batra [17] have related the deflections of a simply supported FGM polygonal plate given by the first-order shear deformation theory and a third-order shear deformation theory to that of an equivalent homogeneous Kirchhoff plate. Cheng and Batra [18] have also presented results for the buckling and steady state vibrations of a simply supported FGM polygonal plate based on Reddy's plate theory. Analytical 3D solutions for plates are useful since they provide benchmark results to assess the accuracy of various 2D plate theories and finite element formulations. Cheng and Batra [19] have also used the method of asymptotic expansion to study the 3D thermoelastic deformations of an FGM elliptic plate. Recently, Vel and Batra [20] have presented an exact 3D solution for the thermoelastic deformation of FGM simply supported plates of finite dimensions. Zenkour [21] has presented the bending problem of a transverse load acting on an exponentially graded thick rectangular plate using both 2D trigonometric and 3D elasticity solutions. In addition, Zenkour [22, 23] has presented a 2D solution for bending and free vibration analyses of simply supported FG ceramic-metal sandwich plates.
It is well known that the sandwich structure is composed of two faces and a core. Usually the faces are identical in material and thickness. The sandwich plate object of this study is characterized by a new type of faces referred to as FGMs. An aluminum/alumina FGM nonsymmetric sandwich plate with a power-law variation of the volume fraction of the constituents is considered, using the sinusoidal shear deformation plate theory of Zenkour [22] [23] [24] [25] [26] [27] . Young's modulus, Poisson's ratio and the thermal expansion coefficient are assumed to vary in the thickness direction. The effects of the variation of the volume fractions of the constituent materials and thickness-to-side ratio on the through-the-thickness deflections, in-plane displacements, and axial stress distributions are studied in detail. Numerical results for deflections and stresses are investigated. Results for the classical plate theory, the first-and third-order shear deformation plate theories can also be obtained from the present analysis.
STATEMENT OF THE PROBLEM
The geometry and dimensions of the rectangular plate made of FGMs under consideration are represented in Figure 1 . Rectangular Cartesian coordinates (x, y, z) are used to describe infinitesimal deformations of a three-layer sandwich elastic plate occupying the region ½0, a Â ½0, bÂ ½Àh=2, þh=2 in the unstressed reference configuration, and the axes are parallel to the edges of the plate. The plate has length a, width b, and uniform thickness h. The volume and the top surface, subjected to a transverse load q(x, y), are indicated with V and , respectively. The mid-plane of the composite sandwich plate is defined by z ¼ 0 and its external bounding planes being defined by z ¼ AEh/2. The vertical positions of the bottom surface, the two interfaces between the core and faces layers, and the top surface are denoted, respectively, by h 0 ¼ Àh=2, h 1 , h 2 , and h 3 ¼ h=2.
We assume the plate is nonsymmetric about the mid-plane and made from three layers. The FGM is made of a mixture of ceramic and metallic components. The face layers of the sandwich plate are made of a FGM with material properties varying smoothly in the z (thickness) direction only. The core layer is made of an isotropic homogeneous material. The material properties for each layer of the functionally graded sandwich plate like, Young's modulus, Poisson's ratio, and thermal expansion coefficient can be expressed as a linear combination:
where P c and P m denote the property of the bottom and top faces of layer 1 ðh 0 z h 1 Þ, respectively, and vice versa for layer 3 ðh 2 z h 3 Þ depending on the volume fraction V ðnÞ ðn ¼ 1, 2, 3Þ. Note that P c and P m are, respectively, the corresponding properties of the ceramic and metal of the FGM sandwich plate. The volume fraction V (n) through-the-thickness of the sandwich plate faces follows a simple power-law while it equals unity in the core layer ðh 1 z h 2 Þ. It reads [22, 23] :
where k is the volume fraction exponent which takes positive real values. The core layer is independent of the value of k which is a fully metal layer. However, the value of k equal to zero represents a fully metal plate. According to this distribution, the bottom and top surface respectively, z ¼ Àh/2 and z ¼ h/2, of the FG plate are pure ceramic whereas Thermomechanical Bending Response of Sandwich Plates the bottom (z ¼ h 1 ) and top (z ¼ h 2 ) surfaces of the core are metal-rich. The above power-law assumption given in Equations (2a) and (2c) reflects a simple rule of mixtures used to obtain the effective properties of the ceramic-metal and metal-ceramic plate faces (Figure 1(a) ). The layers are numbered from bottom to top as shown in Figure 1(b) . Note that the volume fraction of the ceramic is high near the bottom and top surfaces of the plate, and that of metal is high near the interfaces. The displacements of a material point located at (x, y, z) in the plate may be written as [22] [23] [24] [25] [26] [27] :
where u, v, w, ' x , and ' y are independent of z and denote the displacements and rotations of transverse normal on the plane z ¼ 0, respectively. The displacement of the classical thin plate theory (CLPT) is obtained easily by setting ÉðzÞ ¼ 0. The displacement of the first-order shear deformation plate theory (FSDPT) is obtained by setting ÉðzÞ ¼ z. Also, the displacement of the third-order shear deformation plate theory (TSDPT) of Reddy [16] is obtained by setting
In addition, the sinusoidal shear deformation plate theory (SSDPT) of Zenkour [21] [22] [23] [24] [25] [26] is obtained by setting
The present SSDPT is simplified by enforcing traction-free boundary conditions at the plate faces. It contains the same dependent unknowns as first-and third-order shear deformation theories, but accounts according to cosine-law distribution of the transverse shear strains through the thickness of the plate. No transverse shear correction factors are needed for both SSDPT and TSDPT because a correct representation of the transverse shearing strain is given.
The five strain components compatible with the displacements field given in Equation (3) can be expressed as 
where
The stress-strain relationships accounting for transverse shear deformation and thermal effects for the n-th layer, can be expressed as 
in which E (n) (z) and (n) (z) are Young's modulus and Poisson's ratio characterizing elastic properties in the plane of isotropy of the n-th layer.
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The shear modulus G (n) (z) characterizing the material response under a shear load applied in the plane of isotropy, takes the form
The principle of virtual work in the present case yields 
where fN x , N y , N xy g and fM x , M y , M xy g are the basic components of stress resultants and stress couples; fS x , S y , S xy g are additional stress couples associated with the transverse shear effects; and fQ xz , Q yz g are transverse shear stress resultants. They can be expressed as
where h n and h nÀ1 are the top and bottom z-coordinates of the n-th layer.
GOVERNING EQUATIONS
The governing equations of equilibrium can be derived from Equation (11) by integrating the displacement gradients by parts and setting the coefficients u, v, w, ' x , and ' y to zero separately. Thus, one can obtain the equilibrium equations associated with the present unified shear deformation theory,
w :
Using Equation (8) in Equation (12), the stress resultants of a sandwich plate made up of three layers can be related to the total strains by 
A ¼ 
in which N and M are the basic components of stress resultants and stress couples, S are additional stress couples associated with the transverse shear effects, and Q are transverse shear stress resultants. Note that the superscript t denotes the transpose of the given vector. 
The stress and moment resultants, N 
The temperature load variation through-the-thickness is assumed to be
where T 1 , T 2 , and T 3 are thermal loads.
Substituting from Equation (14) into Equation (13), we obtain the following operator equation,
t is a generalized force vector, and [L] is the symmetric matrix of differential operators,
in which d ij , d ijl , and d ijlm are the following differential operators:
The components of the generalized force vector {f} are given by
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For further computational reasons the converted expressions of the stress components are also recorded. They read
ANALYTICAL SOLUTIONS
In this approach, we express the generalized displacements so as to satisfy the boundary conditions representing simple support:
For CLPT, the boundary conditions are
To solve this problem, Navier assumed that the transverse mechanical and temperature loads, q, T 1 , T 2 , and T 3 can be expanded in the double Fourier series as
where q 0 , T 1 , T 2 , and T 3 are constants, ¼ =a and ¼ =b. 
where U, V, W, X, and Y are arbitrary parameters to be determined subjected to the condition that the solution in Equation (26) satisfies the basic equations (19) . One obtains the following operator equation,
where {Á} ¼ {U, V, W, X, Y} t , and [C] is the symmetric matrix given by
The components of the generalized force vector fF g ¼ fF 1 , F 2 , F 3 , F 4 , F 5 g t are given by
where Figure 2 shows the through-the-thickness variation of the volume fraction function of the metal for k ¼ 0.01, 0.1, 0.5, 1.5, 4.5. Note that the core of the nonsymmetric plate is fully metal while the bottom and top surfaces of the plate are ceramic-rich.
SEVERAL KINDS OF SANDWICH PLATES

The (1-2-2) FGM Sandwich Plate
Here the core thickness equals the upper face thickness while it is twice the lower face thickness (Figure 2(a) ). So, one obtains
The (1-1-3) FGM Sandwich Plate
As shown in Figure 2 (b) the core thickness equals the lower face thickness while it equals one-third the upper face thickness. In this case, we have
The (2-1-4) FGM Sandwich Plate
In this case the core thickness is half the lower face thickness, but it equals one-fourth the upper face thickness (Figure 2(c) ). Thus
The (2-1-3) FGM Sandwich Plate
Here the core thickness is half the lower face thickness, but it equals onethird the upper face thickness (Figure 2(d) ). In this case, we have 
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The (4-1-3) FGM Sandwich Plate
Here the core thickness equals one-fourth the lower face thickness while it equals one-third the upper face thickness. Figure 2 (e) shows that 
The (3-1-4) FGM Sandwich Plate
As shown in Figure 2 (f) the core thickness equals one-third the lower face thickness while it equals one-fourth the upper face thickness. So, one obtains
NUMERICAL RESULTS
The constituent materials of the functionally graded nonsymmetric sandwich plate are taken to be aluminum and alumina with Young's modulus E m ¼ 70 GPa, E c ¼ 380 GPa and thermal expansion coefficients a m ¼ 23.0 Â (10 À6 /8C), a c ¼ 7.4 Â (10 À6 /8C), respectively. For both materials, Poisson's ratio is assumed to be constant, ¼ 0:3.
Different dimensionless quantities are used, at the center of the plate, for thermomechanical loading as center deflection :ŵ ¼ 10
The reference values are taken as E 0 ¼ 1 GPa and a 0 ¼ 10 À6 /8C. Numerical results are tabulated in Tables 1-4 and plotted in Figures 3-9 . It is assumed unless otherwise stated, that a/h ¼ 10, a/b ¼ 1,
The shear correction factor of FSDPT is fixed to be K ¼ 5/6. Table 1 contains the dimensionless center deflectionŵ for an FGM sandwich plate subjected to mechanical and thermal loads varying through the thickness. The deflections are considered for k ¼ 0, 1, 2, 3, 4, and 5 and different types of nonsymmetric sandwich plates. Table 1 shows that the effect of shear deformation is to increase the deflection. The difference between several kinds of sandwich plates is insignificant for fully metal plates (k ¼ 0), and the maximum value occurs for the (1-2-2) FGM plate while the minimum value occurs for the (4-1-3) FGM plate. Table 2 compares the deflections of different types of FGM rectangular sandwich plate with k ¼ 1. When we apply different shear deformation theories we note that the deflections decrease as the aspect ratio a/b increases. Table 3 lists values of axial stress xx for k ¼ 0, 1, 2, 3, 4, and 5 and different types of sandwich plates. Once again, the plate is subjected to mechanical load on its top surface and thermal load varying through its thickness. The difference between several kinds of sandwich plates is insignificant for fully metal plates (k ¼ 0), and the maximum value occurs for the (1-2-2) FGM plate, but the minimum value occurs for the (2-1-4) FGM plate. The axial stress is very sensitive to the variation of k. Table 4 shows similar results of transverse shear stress xz for the FGM sandwich plates. The difference between several kinds of sandwich plates is insignificant for fully metal plates (k ¼ 0). The absolute values of the transverse shear stresses decrease as k increases for the FGM plates. In general, the fully metal plates give the largest deflections and transverse shear stress. As the volume fraction exponent increases for FGM plates, the deflection will decrease. Figure 3 shows the variation of the center deflectionŵ with sideto-thickness ratio a/h for different types of nonsymmetric sandwich plates. The deflection of the metallic plate is found to be the largest magnitude and that of the ceramic plate of the smallest magnitude. The deflections of the FGM nonsymmetric sandwich plates decreases when a/h ! 4. It is to be noted that the FGM nonsymmetric sandwich plates with intermediate properties undergo corresponding intermediate values of center deflection. This is expected because the metallic plate is the one with the lowest stiffness and the ceramic plate is the one with the highest stiffness. Figure 4 contains plots of the axial stress xx through-the-thickness of the plate for k ¼ 0, 0.1, 0.5, and 1.5. The stresses are tensile below the mid-plane and compressive above the mid-plane and may be change from tensile to compressive and vice versa. The FGM plates are very sensitive to the change Table 2 . Effect of aspect ratio a/b on the dimensionless deflection of the FGM sandwich plates (k = 1) and (q 0 = T 2 = T 3 = 100). of the dimensionless thickness. As k increases the FGM sandwich plate gives maximum tensile stress through the most of the bottom layer and minimum compressive stress through the most of the top layer. The FGM plate yields the maximum tensile {minimum compressive} stress at a point on the top {bottom} surface of the plate. These are the ceramic-rich surfaces in which the metal plate experiences the minimum compressive {maximum tensile} stresses. Note that the axial stress is continuous and smooth across each layer interface. In Figure 5 , we have plotted the through-the-thickness distributions of the transverse shear stress xz for k ¼ 0, 0.2, 0.3, 0.5, and 1.5. For instance, the shear stress takes particularly high values either close to the lateral planes (z ¼ h 0 and z ¼ h 3 ) or near the FGM interfaces (z ¼ h 1 and z ¼ h 2 ). As was further expected, there is a much less pronounced variation of the xz -distribution in the core layer of the FGM nonsymmetric sandwich plate than in its bottom and top layers which highly reinforced by increasing of k.
For the fully metal plate, the maximum value of the shear stress occurs at the mid-plane (z ¼ 0). Now, we will turn our attention to the effect of shear deformation theories on the deflection and stresses. Figure 6 shows the effects of the aspect ratio a/b on the dimensionless deflectionŵ of different types of FGMs plate (k ¼ 2). The deflection caused by applying the FSDPT is found to be the largest magnitude and that of other theories, of the smallest magnitude. The deflections caused by applying different shear deformation theories decreases as a/b increases. It is to be noted that the deflection caused by applying SSDPT and TSDPT takes closed values to each other and it takes intermediate values of center deflection between FSDPT and CLPT especially for a/b ! 1. Figure 7 contains the plots of the axial stress xx and the shear stress xz through-the-thickness of the (3-1-4) FGM plate (k ¼ 1.5) using various shear deformation theories. The stress caused by applying FSDPT yields the maximum tensile {minimum compressive} axial stress at a point on the bottom {top} surface of the plate. But the stress caused by applying CLPT yields the maximum compressive {minimum tensile} axial stress at a point on the bottom {top} surface of the core layer and through the most of the plate except at lateral surfaces. It is noted that SSDPT and TSDPT are coincided (Figure 7(a) ). It is also found that the magnitude for shear stresses caused by applying SSDPT and TSDPT is smaller than that for shear stresses caused by applying FSDPT (Figure 7(b) ). Concerning the influence played by the different mechanical and thermal loads on deflections and stresses, Figures 8 and 9 allow themselves to underline their great influences on the deflection and the axial and transverse shear stresses.
CONCLUSION
In this article, the bending response of nonsymmetric sandwich plates subjected to themomechanical loads is developed. Shear deformation theories of sandwich plates are used. The governing equations are converted into a set of coupled ordinary differential equations with variable coefficients. Analytical solutions for FGM sandwich plates are developed using the Navier procedure. The effects of varying the volume fraction and the thickness-to-side ratio on the dimensional deflections and stresses have been presented. The results of the shear deformation theories are compared together. The gradients in material properties play an important role in determining the response of the FGM plates. The mixture of the ceramic and metal with continuously varying volume fraction eliminates interface problems of sandwich plates and thus making the stresses distributions smooth. The formulation and techniques derived herein may be useful in further studies and should provide engineers with the capability for the design of nonsymmetric sandwich plates for special technical applications.
